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a b s t r a c t
A near perfect matching is a matching saturating all but one vertex in a graph. If G is
a connected graph and any n independent edges in G are contained in a near perfect
matching, then G is said to be defect n-extendable. If for any edge e in a defect n-
extendable graphG,G−e is not defect n-extendable, thenG isminimal defect n-extendable.
The minimum degree and the connectivity of a graph G are denoted by δ(G) and κ(G)
respectively. In this paper, we study the minimum degree of minimal defect n-extendable
bipartite graphs.Weprove that aminimal defect 1-extendable bipartite graphGhas δ(G) =
1. Consider a minimal defect n-extendable bipartite graph G with n ≥ 2, we show that if
κ(G) = 1, then δ(G) ≤ n + 1 and if κ(G) ≥ 2, then 2 ≤ δ(G) = κ(G) ≤ n + 1. In
addition, graphs are also constructed showing that, in all cases but one, there exist graphs
with minimum degree that satisfies the established bounds.
© 2009 Elsevier B.V. All rights reserved.
1. Terminology and introduction
All graphs considered in this paper are undirected, finite and simple.
Let G be a graph and d be an integer such that d ≤ |V (G)|. A matchingM covering all but d vertices in G is called a defect
d-matching of G. Particularly, if d = 0, then M is called a perfect matching and if d = 1, then M is called a near perfect
matching. If any matching of size n in G are contained in a perfect matching, then G is n-extendable. If any n independent
edges in G are contained in a near perfect matching, then G is defect n-extendable. Particularly, if G contains a perfect
matching, then G is 0-extendable and if G contains a near perfect matching, then G is defect 0-extendable. An n-extendable
(or defect n-extendable) graph G isminimal if for any edge e in G, G− e is not n-extendable (or defect n-extendable).
We use G = (X, Y ) to denote a bipartite graph G with bipartition X, Y . Let S ⊆ V (G), then Γ G(S) denotes the neighbor
set of S in G. The minimum degree and the connectivity of a graph G are denoted by δ(G) and κ(G) respectively.
For the other terminology and notations not defined in this paper, the reader is referred to [1].
The concept of n-extendable graphs was introduced by Plummer [7] and since then, there has been extensive research
on this topic (see [9,10]). However, n-extendable graphs are all even order since they have a perfect matching. To naturally
extend the property of n-extendability to graphs with odd order, Lou and Wen [6] introduced defect n-extendable graphs
as defined above.
In fact, a few results on defect n-extendable graphs are known. In [3], Little, Grant and Holton characterized defect 1-
extendable graphs which were called 1-covered graphs in their paper.
Theorem 1.1 (Little, Grant and Holton [3]). A connected bipartite graph G = (X, Y ) with |X | = |Y | + 1 is defect 1-extendable
if and only if for any S ⊂ X and S 6= φ, |ΓG(S)| ≥ |S|.
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A graph is said to be k-critical if deleting any k of its vertices, the remaining subgraph has a perfect matching. In [4], to
combine the concept of n-extendable graphs and k-critical graphs, Liu and Yu introduced (k, n, d)-graphs. Let G be a graph.
Let k, n and d be non-negative integers such that k + 2n + d ≤ |V (G)|−2 and |V (G)| − k − d is even. A graph is called a
(k, n, d)-graph if deleting any k of its vertices, the subgraph contains a matching of size n and every matching of size n in
the subgraph can be extended to a defect d-matching. It is not difficult to see that (0, n, 1)-graphs are the same as defect
n-extendable graphs. Since Liu and Yu [4] proved that every (k, n, d)-graph is also (k, n− 1, d)-graph, Theorem 1.2 follows
immediately.
Theorem 1.2 (Liu and Yu [4]). If G is defect n-extendable where n is a positive integer, then G is also defect (n− 1)-extendable.
In [5], Lou proved that the subgraph induced by vertices that have degree at least n+2 in aminimal n-extendable bipartite
graph is a forest and the minimum degree of a minimal n-extendable bipartite graph is n + 1. In this paper, we show that
the minimal defect n-extendable bipartite graph G with n ≥ 2 and κ(G) ≥ 2 has analogous structure to that of minimal
n-extendable bipartite graphs. But the minimum degree of minimal defect n-extendable bipartite graphs is very different
from that of minimal n-extendable bipartite graphs.
In Section 3 of this paper, we prove that a minimal defect 1-extendable bipartite graph G has δ(G) = 1. In Sections 4
and 5, we consider a minimal defect n-extendable bipartite graph G with n ≥ 2. We show that if κ(G) ≥ 2, then
2 ≤ δ(G) = κ(G) ≤ n + 1 and if κ(G) = 1, then δ(G) ≤ n + 1. In addition, graphs are also constructed showing that,
in all cases but one, there exist graphs with minimum degree that satisfies the established bounds.
2. Preliminary results
In this section, we introduce some results which will be used in the proofs of the main results in this paper.
Lemma 2.1 (Hall [2]). A bipartite graph G = (X, Y ) has a matching of X into Y if and only if |ΓG(S)| ≥ |S| for all S ⊆ X.
Lemma 2.2 (Plummer [7]). If G is an n-extendable graph, then
(1) κ(G) ≥ n+ 1;
(2) G is (n− 1)-extendable.
Lemma 2.3 (Plummer [8]). Let G = (U,W ) be a bipartite graph with |U| = |W |, then G is n-extendable if and only if for any set
S ⊆ U and 1 ≤ |S| ≤ |U| − n, |ΓG(S)| ≥ |S| + n.
Lemma 2.4 (Lou and Wen [6]). Let G = (U,W ) be a bipartite graph with κ(G) = 1 and |W | = |U| + 1, x be a cut vertex of G
and H = (X, Y ) be a component in G − x. Let n be a positive integer with n ≤ (|V (G)| − 2)/2. Then G is defect n-extendable if
and only if the following statements hold:
(1) ||X | − |Y || ≤ 1.
(2) Either there are exactly two odd components and no even component in G− x, or all components in G− x are even.
(3) If |X | = |Y | = m, then H is s-extendable and G[V (H) ∪ {x}] is defect t-extendable where s = min{n − 1,m − 1} and
t = min{n,m− 1}.
(4) If |X | = |Y | + 1 = m+ 1, then
(4.1) x ∈ U, Y ⊆ U and X ⊆ W.
(4.2) if m ≥ 1, then H is defect s-extendable where s = min{n,m− 1}.
(4.3) for any u ∈ V (H) such that xu ∈ E(G), each component H ′ = (X ′, Y ′) in H − u with |X ′| = m′ is t-extendable where
t = min{n− 1,m′ − 1}.
(5) If G−x has odd components and |ΓG(x)∩V (H)| < |X | holds for each odd component H = (X, Y ) in G−xwith |X | = |Y |+1,
then dG(x) ≥ n+ 1.
Lemma 2.5 (Lou and Wen [6]). Let G = (U,W ) be a bipartite graph with |W | = |U| + 1 and κ(G) ≥ 2. Let n be a positive
integer such that 1 ≤ n ≤ (|V (G)| − 2)/2. Then G is defect n-extendable if and only if for all S ⊆ W and 2 ≤ |S| ≤ |W | − n,
|ΓG(S)| ≥ |S| + n− 1.
Lemma 2.6 (Lou and Wen [6]). Let G = (U,W ) be a defect n-extendable bipartite graph with |W | = |U| + 1. Then for any
w ∈ W, each component in G− w is k-extendable where k = min(κ(G)− 1, n− 1).
Lemma 2.7 (Lou andWen [6]). Let G = (U,W ) be a defect n-extendable bipartite graphwith 2 ≤ κ(G) ≤ n and |W | = |U|+1.
If S is a minimum cut set of G, then G− S contains a singleton component in W.
From the above known results, we can get the following three lemmas.
Lemma 2.8. Let G = (U,W ) be a defect n-extendable bipartite graph with κ(G) ≥ 2 and |W | = |U| + 1. Then for any set
S ⊆ W and |W | − n+ 1 ≤ |S| ≤ |W |, ΓG(S) = U.
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Proof. Select any set S ⊆ W and |W | − n + 1 ≤ |S| ≤ |W |. Then there is a set S ′ ⊆ S such that |S ′| = |W | − n. Since G is
defect n-extendable, |U| ≥ n+ 1 and hence |W | = |U| + 1 ≥ n+ 2. So |S ′| = |W | − n ≥ n+ 2− n = 2. Then Lemma 2.5
implies that |ΓG(S ′)| ≥ |S ′| + n − 1 = |W | − n + n − 1 = |W | − 1 = |U|. So |ΓG(S)| ≥ |ΓG(S ′)| ≥ |U| by S ′ ⊆ S. Since
S ⊆ W , we have ΓG(S) ⊆ U . Hence ΓG(S) = U . 
Lemma 2.9. Let n be a positive integer and G = (U,W ) be a bipartite graph with κ(G) ≥ 2, |W | = |U| + 1 and |U| ≥ n+ 1.
Then G is defect n-extendable if and only if for any set S ⊆ U and 1≤ |S| ≤ |U| − n, |ΓG(S)| ≥ |S| + n.
Proof. First we prove the sufficiency. Suppose to the contrary that G is not defect n-extendable. Then Lemma 2.5 implies
that there is a set X ⊆ W and 2 ≤ |X | ≤ |W | − n such that |ΓG(X)| ≤ |X | + n− 2. Let A = U \ ΓG(X).
Note that |A| = |U| − |ΓG(X)| ≥ |W | − 1− (|X | + n− 2) ≥ |W | − 1− (|W | − n+ n− 2) = 1.
Suppose |A| ≥ |U| − n + 1. Then there is a set A′ ⊆ A such that |A′| = |U| − n. Since |U| ≥ n + 1, |A′| = |U| − n ≥
n+ 1− n = 1. So the hypothesis in the lemma implies |ΓG(A′)| ≥ |A′| + n = |U| − n+ n = |U| = |W | − 1.
Note that ΓG(A′) ⊆ ΓG(A) ⊆ W \ X since A = U \ ΓG(X). So |ΓG(A′)| ≤ |W | − |X | ≤ |W |−2 as |X | ≥ 2, a contradiction
to |ΓG(A′)| ≥ |W | − 1.
So 1 ≤ |A| ≤ |U| − n and hence the hypothesis in the lemma yields |ΓG(A)| ≥ |A| + n. However, ΓG(A) ⊆ W \ X since
A = U \ ΓG(X), so
|ΓG(A)| ≤ |W | − |X |
≤ |U| + 1− (|ΓG(X)| − n+ 2) (since |ΓG(X)| ≤ |X | + n− 2)
= |U| + 1− (|U| − |A| − n+ 2) (since |ΓG(X)| = |U| − |A|)
= |A| + n− 1
a contradiction to |ΓG(A)| ≥ |A| + n. So G is defect n-extendable.
Now we prove the necessity. Suppose to the contrary that there is a set S ⊆ U and 1 ≤ |S| ≤ |U| − n such that
|ΓG(S)| ≤ |S| + n− 1. Let B = W \ ΓG(S).
Note that |B| = |W | − |ΓG(S)| ≥ |U| + 1− (|S| + n− 1) ≥ |U| + 1− (|U| − n+ n− 1) = 2.
Suppose |B| ≥ |W | − n + 1. Then Lemma 2.8 implies that ΓG(B) = U . However, since ΓG(B) ⊆ U \ S and |S| ≥ 1,
ΓG(B) ⊂ U , a contradiction. So |B| ≤ |W | − n.
Since G is defect n-extendable and 2 ≤ |B| ≤ |W | − n, so Lemma 2.5 implies |ΓG(B)| ≥ |B| + n − 1. However, since
B = W \ ΓG(S), we have ΓG(B) ⊆ U \ S, so
|ΓG(B)| ≤ |U| − |S|
≤ |W | − 1− (|ΓG(S)| − n+ 1) (since |ΓG(S)| ≤ |S| + n− 1)
= |W | − 1− (|W | − |B| − n+ 1) (since |ΓG(S)| = |W | − |B|)
= |B| + n− 2
a contradiction to |ΓG(B)| ≥ |B| + n− 1. So the necessity holds. 
Lemma 2.10. Let G = (U,W ) be a defect n-extendable bipartite graph with κ(G) ≥ 2 and |W | = |U| + 1. Then for any set
S ⊆ U and |U| − n+ 1 ≤ |S| ≤ |U|, |ΓG(S)| ≥ |W | − 1.
Proof. Select any set S ⊆ U such that |U| − n + 1 ≤ |S| ≤ |U|. Then there is a set S ′ ⊆ S such that |S ′| = |U| − n.
Since G is defect n-extendable, |U| ≥ n + 1 and hence |S ′| = |U| − n ≥ n + 1 − n = 1. So Lemma 2.9 implies that
|ΓG(S ′)| ≥ |S ′| + n = |U| − n+ n = |U| = |W | − 1. Furthermore, S ′ ⊆ S yields |ΓG(S)| ≥ |ΓG(S ′)| ≥ |W | − 1. 
3. Minimal defect 1-extendable bipartite graphs
Theorem 3.1. Let G be a minimal defect 1-extendable bipartite graph. Then δ(G) = 1.
Proof. Suppose to the contrary that δ(G) ≥ 2. Since G is defect 1-extendable, it has a near perfect matching M and an
M-unsaturated vertex v. Assume U andW are the two bipartitions of Gwith |W | = |U| + 1. Then v ∈ W .
Let P be the longest path among allM-alternating paths beginning with v and ending with a vertex inW \ {v}. Assume
w is the end vertex in P . Since dG(w) ≥ δ(G) = 2, there is an edge e = wu ∈ E(G) \M . Clearly, u ∈ U and hence there is a
vertexw′ ∈ W such that uw′ ∈ M . Let G′ = G− e.
Suppose G′ is disconnected. Thenw and u are in different components of G′. So u 6∈ V (P) and hence P ′ = P ∪ {wu, uw′}
is anM-alternating path beginning with v and ending withw′ ∈ W \ {v} and |P ′| > |P|, contradicting the choice of P .
So G′ is connected. Thus G′ is not defect 1-extendable since G is minimal. Hence Theorem 1.1 implies that there is a
nonempty set S ⊂ W such that |ΓG′(S)| ≤ |S| − 1.
Let A = S \ {v}. Assume |A| = r and A = {wi : 1 ≤ i ≤ r}. Then for any 1 ≤ i ≤ r , there exists a vertex ui in U such that
uiwi ∈ M . Let B = {ui : 1 ≤ i ≤ r}. Since e 6∈ M , B ⊆ ΓG′(S) and hence
|ΓG′(S)| ≥ |B| = |A| = |S \ {v}| ≥ |S| − 1. (1)
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However, we have |ΓG′(S)| ≤ |S|− 1 from the above proof, so |ΓG′(S)| = |S|− 1 and all the equalities in (1) hold. Therefore,
|ΓG′(S)| = |B| and |S \ {v}| = |S| − 1, that is, ΓG′(S) = B and v ∈ S. So it is not difficult to see that V (P) ⊆ S ∪ B.
Suppose u 6∈ B. Since V (P) ⊆ S ∪ B, we obtain u 6∈ V (P). So P ∪ {wu, uw′} is anM-alternating path beginning with v and
ending withw′ ∈ W \ {v} such that |P ′| > |P|, contradicting the choice of P .
So u ∈ B. Then ΓG(S) = ΓG′(S) and hence |ΓG(S)| = |ΓG′(S)| = |S| − 1. However, since G is defect 1-extendable,
Theorem 1.1 implies that |ΓG(S)| ≥ |S|, a contradiction. So δ(G) = 1. 
Corollary 3.2. If G is a minimal defect 1-extendable bipartite graph, then κ(G) = 1.
Proof. The proof is immediate from Theorem 3.1. 
4. Minimal defect n-extendable bipartite graphs G with n ≥ 2 and κ(G) ≥ 2
In this section, we use the notations of key set and key edge, which are defined as follows.
Let G = (U,W ) be a defect n-extendable bipartite graph Gwith n ≥ 2, κ(G) ≥ 2 and |W | = |U| + 1. Let e ∈ E(G). A key
set for e is a set S ⊆ U and 1 ≤ |S| ≤ |U| − n such that |ΓG(S)| = |S| + n and |ΓG−e(S)| = |S| + n− 1 or a set T ⊆ W and
2 ≤ |T | ≤ |W | − n such that |ΓG(T )| = |T | + n− 1 and |ΓG−e(T )| = |T | + n−2. Clearly, if e = xywhere x ∈ U and y ∈ W ,
then x ∈ S and y is adjacent to only x in S, similarly, y ∈ T and x is adjacent to only y in T . If there is a key set in G for edge e,
then e is called a key edge.
Theorem 4.1. Let G = (U,W ) be a defect n-extendable bipartite graph with n ≥ 2 and κ(G) ≥ 2. If e is a key edge in G, then
the following statements hold:
(1) Both U and W contain a key set for e.
(2) G− e is not defect n-extendable.
Proof. Assume |W | = |U| + 1 and e = xy is a key edge in Gwhere x ∈ U and y ∈ W .
(1) Since e is a key edge, there is a key set inU or inW for e. Suppose there is a key set S inU for e (later wewill discuss the
case that there is a key set inW for e). The definition of key set implies that x ∈ S, 1 ≤ |S| ≤ |U| − n and |ΓG(S)| = |S| + n.
Let T = (W \ ΓG(S)) ∪ {y}. Then |T | = |(W \ ΓG(S)) ∪ {y}| = |W | − (|S| + n)+ 1.
Note that |W | − (|S| + n)+ 1 ≤ |W | − n and |W | − (|S| + n)+ 1 ≥ |W | − (|U| − n+ n)+ 1 = 2 as 1 ≤ |S| ≤ |U| − n.
Thus 2 ≤ |T | ≤ |W | − n. Furthermore, since G is defect n-extendable, Lemma 2.5 implies that |ΓG(T )| ≥ |T | + n− 1.
Observe that no vertex inW \ΓG(S) joins to any vertex in S and y joins to only x in S. So ΓG(T ) ⊆ (U \ S)∪ {x} and hence
|ΓG(T )| ≤ |(U \ S) ∪ {x}|
= |U| − (|ΓG(S)| − n)+ 1 (since |ΓG(S)| = |S| + n)
= |W \ ΓG(S)| + n
= |T | + n− 1.
Since |ΓG(T )| ≥ |T | + n− 1 from the above proof, then |ΓG(T )| = |T | + n− 1. Note that x is adjacent to only y in T . So
|ΓG−e(T )| = |T | + n−2 and hence T is a key set for e inW .
Suppose there is a key set R inW for e. Similarly, we can prove that Q = (U \ ΓG(R)) ∪ {x} is a key set for e in U .
(2) Statement (1) implies there is a key set S in U for e. Then 1 ≤ |S| ≤ |U| − n and |ΓG(S)| = |S| + n. So |W \ ΓG(S)| =
|W |− (|S|+n) ≥ |W |− (|U|−n+n) = 1. Then there is a vertex v inW \ΓG(S). Since κ(G) ≥ 2 and n ≥ 2, we obtain G−v
is connected andmin(n−1, κ(G)−1) ≥ 1. So Lemmas 2.2 and 2.6 imply that G−v is 1-extendable. Note that e ∈ E(G−v).
Then there is a perfect matchingM in G− v containing e. Since |ΓG−v(S)| = |ΓG(S)| = |S| + n by v ∈ W \ ΓG(S), there is a
matching F ⊆ M and |F | = n such that F matches n vertices in U \ S to vertices in ΓG(S).
Let G′ = G − e. Note that y joins to only x in S. So ΓG′−V (F)(S) ⊆ ΓG(S) \ (V (F) ∪ {y}) and |ΓG′−V (F)(S)| ≤
|ΓG(S) \ (V (F) ∪ {y})| = |S| + n − (n + 1) = |S| − 1. Moreover, Lemma 2.1 implies no matching in G′ − V (F) covers
all vertices in S and hence no near perfect matching in G′ contains F . Thus G′ is not defect n-extendable. 
Theorem 4.2. A defect n-extendable bipartite graph G with n ≥ 2 and κ(G) ≥ 2 is minimal if and only if every edge in G is a key
edge.
Proof. Sufficiency is immediate fromTheorem4.1(2). Nowweprove the necessity. AssumeG isminimal defect n-extendable
and (U,W ) are the two bipartitions of Gwith |W | = |U| + 1. Select an arbitrary edge e ∈ E(G). It suffices to prove that e is
a key edge.
Assume e = xywhere x ∈ U and y ∈ W . Let G′ = G− e. Since κ(G) ≥ 2 and G is minimal, G′ is connected and not defect
n-extendable. So there is amatching F ⊆ E(G′) and |F | = n such that no near perfect matching in G′ contains F . Therefore, in
G′− V (F), no matching covers all vertices in U \ V (F). Hence, Lemma 2.1 implies that there is a nonempty set S ⊆ U \ V (F)
such that |ΓG′−V (F)(S)| ≤ |S| − 1. Note that ΓG′(S) ⊆ ΓG′−V (F)(S) ∪ (V (F) ∩W ). So
|ΓG′(S)| ≤ |ΓG′−V (F)(S) ∪ (V (F) ∩W )| = |ΓG′−V (F)(S)| + n ≤ |S| + n− 1.
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Note that ΓG(S) ⊆ ΓG′(S) ∪ {y}. So
|ΓG(S)| ≤ |ΓG′(S)| + 1 ≤ |S| + n− 1+ 1 = |S| + n. (1)
Since 1 ≤ |S| ≤ |U \ V (F)| = |U| − n and G is defect n-extendable, Lemma 2.9 implies that
|ΓG(S)| ≥ |S| + n. (2)
So (1) and (2) imply |ΓG(S)| = |S| + n. Thus the equalities hold in (1), that is, |ΓG′(S)| = |S| + n− 1. So S is a key set for e in
U and hence e is a key edge. 
Theorem 4.3. Let G = (U,W ) be a minimal defect n-extendable bipartite graph with n ≥ 2, κ(G) ≥ 2 and |W | = |U| + 1. Let
e and f be two edges in G such that they have a common end vertex x and all their end vertices have degree at least n+ 2. If A1 is
a minimum key set for e in a bipartition A of G and both A1 and x are in A, then there is a key set T for f in the other bipartition
such that when A = U, |T | ≤ |A1| and when A = W, |T | < |A1|.
Proof. Assume e = xy, f = xz, A1 is a minimum key set for e and both A1 and x are in bipartition A where A ∈ {U,W }. Let
B ∈ {U,W } \ {A}, A2 = A \ A1, B1 = ΓG(A1) and B2 = B \ B1. Since G is minimal defect n-extendable bipartite graph with
n ≥ 2 and κ(G) ≥ 2, then by Theorems 4.1 and 4.2, there is a key set for f in A. Assume A3 is the minimum key set for f in
A. Let A13 = A1 ∩ A3, A23 = A2 ∩ A3, B13 = ΓG(A13), B23 = B2 ∩ ΓG(A23). Let T = {z} ∪ (B \ ΓG(A3)).
We only need to discuss two cases: A = U and A = W .
Case 1: Suppose A = U .
We claim the following.
Claim 1.1: |A3| ≥ 2.
Suppose |A3| = 1. Since A = U and A3 is a key set, |ΓG(A3)| = |A3| + n = n + 1. However, since x ∈ A3,
|ΓG(A3)| ≥ dG(x) ≥ n+ 2, a contradiction. So|A3| ≥ 2.
Claim 1.2: |B13| ≥ |A13| + n+ 1.
Since A = U , we have A13 ⊆ U . Note that |A13| ≤ |A3| ≤ |U| − n and |A13| ≥ 1 since x ∈ A13. Thus Lemma 2.9 implies
that |B13| ≥ |A13| + n.
Suppose |B13| = |A13| + n. Since A3 is a key set for f , we have z is adjacent to only x in A13. So A13 is a key set for f .
However, A13 ⊆ A3 and A3 is a minimum key set for f in A, so A13 = A3. Then A3 ⊆ A1 and hence y and z join to only x
in A3. Therefore, ΓG(A3 \ {x}) ⊆ ΓG(A3) \ {y, z} and |ΓG(A3 \ {x})| ≤ |ΓG(A3)| − 2 = |A3| + n − 2 = |A3 \ {x}| + n − 1.
However, Claim 1.1 and |A3| ≤ |U| − n yield |A3 \ {x}| ≥ 1 and 1 ≤ |A3 \ {x}| < |A3| ≤ |U| − n. So Lemma 2.9 implies that
|ΓG(A3 \ {x})| ≥ |A3 \ {x}| + n, a contradiction to |ΓG(A3 \ {x})| ≤ |A3 \ {x}| + n− 1. So |B13| ≥ |A13| + n+ 1.
Claim 1.3: |B2 \ B23| ≤ 1.
Since A1 is a key set in U for e, |B1| = |A1| + n.
Note that |B23| ≤ |ΓG(A3) \ B13| ≤ |A3| + n− (|A13| + n+ 1) = |A23| − 1.
Let R = A1 ∪ A23. Then ΓG(R) = B1 ∪ B23 and hence |ΓG(R)| = |B1| + |B23| ≤ |A1| + n+ |A23| − 1 = |R| + n− 1. So by
Lemma 2.9, |R| ≥ |U| − n+ 1 and hence Lemma 2.10 implies that |ΓG(R)| ≥ |W | − 1.
Clearly, B2 \ B23 = W \ ΓG(R). So |B2 \ B23| = |W | − |ΓG(R)| ≤ |W | − (|W | − 1) = 1.
In the following, we shall prove that T is a key set for f in U such that |T | ≤ |A1|.
Note that only z in T joins to a vertex x in A3. So ΓG(T ) ⊆ {x} ∪ (A \ A3) and hence
|ΓG(T )| ≤ |{x} ∪ (A \ A3)|
= |{x}| + (|B| − 1)− (|ΓG(A3)| − n) (since |ΓG(A3)| = |A3| + n)
= |{z} ∪ (B \ ΓG(A3))| + n− 1
= |T | + n− 1.
Moreover, we have
|T | = |{z} ∪ (B \ ΓG(A3))|
= 1+ (|A| + 1− |A3| − n) (since |ΓG(A3)| = |A3| + n)
≥ 1+ (|A| + 1− (|A| − n)− n) (since |A3| ≤ |A| − n)
= 2
and
|T | = |{z} ∪ (B \ ΓG(A3))|
= 1+ (|B| − |A3| − n) (since |ΓG(A3)| = |A3| + n)
≤ |B| − n− 1 (by Claim 1.1).
Hence T ⊆ W and Lemma 2.5 imply that |ΓG(T )| ≥ |T | + n− 1. Note that |ΓG(T )| ≤ |T | + n− 1 from the above proof.
So |ΓG(T )| = |T | + n− 1. It is not difficult to see that x is adjacent to only z in T . Thus T is a key set for f in B.
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Note that |T | = 1+ |B1 \ ΓG(A3)| + |B2 \ ΓG(A3)| ≤ 1+ |B1 \ B13| + |B2 \ B23|.
Moreover, |B1| = |A1| + n, Claim 1.2 and Claim 1.3 imply that
1+ |B1 \ B13| + |B2 \ B23| ≤ 1+ (|A1| + n)− (|A13| + n+ 1)+ 1
= |A1| − |A13| + 1
≤ |A1| (by |A13| ≥ 1 since x ∈ A13).
So T is the required key set in the theorem.
Case 2: Suppose A = W .
We claim the following.
Claim 2.1: |A3| ≥ 3.
Suppose |A3| ≤ 2. Then |ΓG(A3)| = |A3| + n − 1 ≤ 2 + n − 1 = n + 1. However, since x ∈ A3, we have
|ΓG(A3)| ≥ dG(x) ≥ n+ 2, a contradiction. So |A3| ≥ 3.
Claim 2.2: |B13| ≥ |A13| + n.
Similar to the proof in Claim 1.2, we have 1 ≤ |A13| ≤ |W | − n.
If |A13| = 1, since x ∈ A13, |B13| = dG(x) ≥ n+ 2 > |A13| + n.
If |A13| ≥ 2, then Lemma 2.5 implies that |B13| ≥ |A13| + n − 1. Suppose |B13| = |A13| + n − 1. Similar to the proof of
Claim 1.2, we can get a contradiction to Lemma 2.5. Hence |B13| ≥ |A13| + n.
Claim 2.3: |B2 \ B23| = 0.
Similar to the proof in Claim 1.3, we obtain |B23| ≤ |A23| − 1.
Since A1 is a key set inW for e, we have |B1| = |A1| + n− 1.
Let R = A1 ∪ A23. Then ΓG(R) = B1 ∪ B23 and |ΓG(R)| = |B1| + |B23| ≤ |A1| + n − 1 +|A23| − 1 = |R| + n − 2.
Furthermore, |R| ≥ 2 as |A1| ≥ 2. So by Lemma 2.5, we have |R| ≥ |W | − n + 1. Thus Lemma 2.8 implies ΓG(R) = U .
Therefore, |B2 \ B23| = |U \ ΓG(R)| = 0.
In the following, we shall prove that T is a key set for f in Bwith |T | < |A1|.
Note that only z in T joins to a vertex x in A3. So ΓG(T ) ⊆ {x} ∪ (A \ A3) and hence
|ΓG(T )| ≤ |{x} ∪ (A \ A3)|
= |{x}| + (|B| + 1)− (|ΓG(A3)| − n+ 1) (since |ΓG(A3)| = |A3| + n− 1)
= |{z} ∪ (B \ ΓG(A3))| + n
= |T | + n.
Note that |T | ≥ 1 and Claim 2.1 implies
|T | = 1+ |B| − |ΓG(A3)| = 1+ |B| − (|A3| + n− 1) = |B| − n− |A3| + 2 ≤ |B| − n− 1.
Furthermore, T ⊆ U . So Lemma 2.9 yields |ΓG(T )| ≥ |T | + n. Since |ΓG(T )| ≤ |T | + n from the above proof, then
|ΓG(T )| = |T | + n. Note that x is adjacent to only z in T . So T is a key set for f in B.
Note that |T | = 1+ |B1 \ ΓG(A3)| + |B2 \ ΓG(A3)| ≤ 1+ |B1 \ B13| + |B2 \ B23|.
Moreover, |B1| = |A1| + n− 1, Claim 2.2 and 2.3 imply that
1+ |B1 \ B13| + |B2 \ B23| ≤ 1+ (|A1| + n− 1)− (|A13| + n)
= |A1| − |A13|
< |A1|.
So T is the required key set for f and this completes the proof of the theorem. 
Theorem 4.4. Let G be a minimal defect n-extendable bipartite graph with κ(G) ≥ 2 and n ≥ 2. Then the subgraph induced by
vertices that have degree at least n+ 2 in G is a forest.
Proof. Assume (U,W ) are the two bipartitions in Gwith |W | = |U|+1. Suppose to the contrary that the subgraph induced
by vertices that have degree at least n + 2 has a cycle x1y1x2y2 . . . xkykx1, where xi ∈ U and yi ∈ W , 1 ≤ i ≤ k. Since G is a
minimal defect n-extendable, Theorem 4.2 implies every edge in G is a key edge. Moreover, Theorem 4.1 implies that both
U andW contain a key set for each edge in G.
Suppose x1y1 has a minimum key setW1 inW . Then Theorem 4.3 implies that the minimum key set for y1x2 in U , say U1,
satisfies |U1| < |W1|. By Theorem 4.3 again, the minimum key set for x2y2 inW , say W2, satisfies |W2| ≤ |U1|. Repeating
this argument, we have the minimum key set inW for xiyi, sayWi, and the minimum key set in U for yixi+1, say Ui, where
1≤ i ≤ k, satisfy |W1| > |U1| ≥ |W2| > |U2| ≥ · · · |Wk−1| > |Uk−1| ≥ |Wk| > |Uk| and Uk is a minimum key set for ykx1 in
U . By Theorem 4.3 once again, x1y1 has a key setWk+1 inW such that |Wk+1| ≤ |Uk| < |W1|, contradicting the fact thatW1
is a minimum key set for x1y1.
Suppose x1y1 has a minimum key set in U , similarly, we can also get a contradiction. So the theorem holds. 
Theorem 4.5. Let G = (U,W ) be a minimal defect n-extendable bipartite graph with |W | = |U| + 1, κ(G) ≥ 2 and n ≥ 2.
Then either U or W contains at least n+ 1 vertices of degree not more than n+ 1.
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Proof. Let T be the subgraph induced by vertices with degree at least n + 2. Theorem 4.4 implies that T is a forest. We
discuss three cases.
Case 1: |V (T )| = 0. Then all vertices in G has degree not more than n+ 1 and the theorem follows.
Case 2: |V (T )| = 1. Without loss of generality, assume v is the vertex in T . Clearly, vertices in ΓG(v) are all of degree not
more than n+ 1. Moreover, ΓG(v) ⊆ U or ΓG(v) ⊆ W and |ΓG(v)| ≥ n+ 2 since dG(v) ≥ n+ 2. So the theorem follows.
Case 3: |V (T )| ≥ 2. Consider a leaf v of T . Clearly, except the vertex u adjacent to v in T , the other vertices in ΓG(v) are all
of degree not more than n+ 1. Note that ΓG(v) ⊆ U or ΓG(v) ⊆ W and |ΓG(v) \ {u}| ≥ n+ 1 since dG(v) ≥ n+ 2. So the
theorem follows. 
Theorem 4.6. Let G be a minimal defect n-extendable bipartite graph with κ(G) ≥ 2 and n ≥ 2. Then 2 ≤ δ(G) ≤ n + 1 and
κ(G) = δ(G).
Proof. Theorem 4.5 implies that there is at least a vertex in Gwith degree not more than n+ 1, so δ(G) ≤ n+ 1. Note that
δ(G) ≥ κ(G) ≥ 2. So 2 ≤ δ(G) ≤ n+ 1.
Since δ(G) ≥ κ(G), if κ(G) = n+ 1, then it follows immediately that δ(G) = κ(G). So we need only to consider the case
2 ≤ κ(G) ≤ n. Let S be a minimum cut set in G. Lemma 2.7 implies that there is a singleton component v in G− S. Clearly,
v joins to all vertices in S and does not join to any vertex in G − S. So dG(v) = |S| = κ(G). Then δ(G) ≤ dG(v) = κ(G).
However, δ(G) ≥ κ(G), so δ(G) = κ(G) and the theorem holds. 
We now consider the realizability problem associated with Theorem 4.6. Let C2(2m+1, n, s) denote the class of minimal
defect n-extendable bipartite graphs G on 2m+1 vertices with κ(G) ≥ 2 and δ(G) = s. Thenwe have the following theorem.
Theorem 4.7. C2(2m+ 1, n, s) 6= φ for any n ≥ 2, m ≥ n+ 1 and 2 ≤ s ≤ n.
Proof. Assume n ≥ 2,m ≥ n+ 1 and 2 ≤ s ≤ n. All subscripts in the following are taken modulom.
Let vertex set X = {x0, x1, . . . , xm−1} and Y = {y0, y1, . . . , ym−1}. Let v be a vertex not in X ∪ Y . Construct a graph G (see
Fig. 4.1) such that V (G) = X ∪ Y ∪ {v} and E(G) = {edges joining each xi to all vertices in {yj : i ≤ j ≤ i+ n− 1} ∪ {v} for
all 0 ≤ i ≤ s − 1}∪ {edges joining xk to all vertices in {yj: k ≤ j ≤ k + n } for all s ≤ k ≤ m − 1}. Clearly, G is a bipartite
graph with bipartition X , Y ∪ {v}. Now we prove that G ∈ C2(2m+ 1, n, s).
Fig. 4.1. Graph G.
Let G′ = G− v. First we claim the following.
Claim 1. G′ is (n− 1)-extendable.
Clearly, X and Y are the two bipartitions of G′ with |X | = |Y |. Select any set T ⊆ X and 1≤ |T | ≤ |X | − (n− 1). Assume
t = |T | and T ={xi1 , xi2 , . . . , xit } where 0 ≤ i1 < i2 < · · · < it ≤ m− 1. Let T ′ ={xi1 , xi1+1, . . . , xi1+t−1}.
Note that {yi1 , yi1+1, . . . , yi1+t+n−2}⊆ ΓG′(T ′) from the construction of G.
Since t + n − 1 ≤ |X | by |T | ≤ |X | − (n − 1), yi1+p 6= yi1+q for any 0 ≤ p, q ≤ t + n − 2 and p 6= q. So|{yi1 , yi1+1, . . . , yi1+t−1, yi1+t , . . . , yi1+t+n−2}| = t + n− 1 and hence |ΓG′(T ′)| ≥ t + n− 1. Note that |ΓG′(T )| ≥ |ΓG′(T ′)|
from the construction of G. So |ΓG′(T )| ≥ t + n− 1. Thus Lemma 2.3 implies that G′ is (n− 1)-extendable.
Since n ≥ 2, we have n− 1 ≥ 1 and hence Claim 1 implies that G′ is 1-extendable. So Lemma 2.2 implies that κ(G′) ≥ 2.
Furthermore, v is adjacent to s ≥ 2 vertices in G′, so κ(G) ≥ 2.
Select any set T ⊆ X such that 1 ≤ |T | ≤ |X | − n. Assume t = |T | and T = {xi1 , xi2 , . . . , xit }where 0 ≤ i1 < i2 < · · · <
it ≤ m− 1. Now we prove |ΓG(T )| ≥ t + n.
Let A = {xi : 0 ≤ i ≤ s− 1} and B = {xj : s ≤ j ≤ m− 1}. We discuss two cases.
Case 1: T ∩ A = φ.
Then T ⊆ B. Let T ′ = {xi1 , xi1+1, . . . , xi1+t−1}. From the construction of G, {yi1 , yi1+1, . . . , yi1+t+n−1} ⊆ ΓG(T ′). Similar
to the proof in Claim 1, we have |{yi1 , yi1+1, . . . , yi1+t+n−1}| = t + n. So |ΓG(T ′)| ≥ t + n. It is not difficult to see from the
construction of G that |ΓG(T )| ≥ |ΓG(T ′)|. So |ΓG(T )| ≥ t + n.
Case 2: T ∩ A 6= φ.
Since 1 ≤ |T | ≤ |X |−n < |X |−(n−1) andG′ is (n−1)-extendable by Claim1, Lemma2.3 implies that |ΓG′(T )| ≥ t+n−1.
Note that v ∈ ΓG(T ) since v joins to all vertices in A and T ∩ A 6= φ. So |ΓG(T )| = |ΓG′(T ) ∪ {v}| ≥ t + n− 1+ 1 = t + n.
Thus |ΓG(T )| ≥ t + n. Furthermore, κ(G) ≥ 2. So Lemma 2.9 implies that G is defect n-extendable. Now we prove that G
is minimal.
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Select any edge e = xy ∈ E(G)where x ∈ X and y ∈ Y ∪ {v}. It is not difficult to see that dG(x) = n+ 1 and dG−e(x) = n.
So {x} is a key set for e and hence e is a key edge. Since e is arbitrary, all edges in G are key edges. So Theorem 4.2 implies
that G is minimal defect n-extendable.
Clearly, dG(v) = s, dG(x) = n + 1 > s for any x ∈ X and dG(y) ≥ n ≥ s for any y ∈ Y . So δ(G) = s. Moreover,
|V (G)| = |X | + |Y | + 1 = 2m+ 1. So G ∈ C2(2m+ 1, n, s). 
Theorem 4.7 does not show whether for any n ≥ 2, there exists a minimal defect n-extendable bipartite graph G such
that κ(G) ≥ 2 and δ(G) = n+ 1. Thus it seems reasonable to pose the following conjecture.
Conjecture 4.8. For any n ≥ 2, there exists a minimal defect n-extendable bipartite graph G such that δ(G) = n + 1 and
κ(G) ≥ 2.
5. Minimal defect n-extendable bipartite graphs G with κ(G) = 1 and n ≥ 2
In this section, we study the minimum degree of minimal defect n-extendable bipartite graphs G with κ(G) = 1 and
n ≥ 2.
Theorem 5.1. Let n ≥ 2 and G be a minimal defect n-extendable bipartite graph with κ(G) = 1. Then δ(G) ≤ n+ 1.
Proof. Let v be a cut vertex in G and (U,W ) be the two bipartitions in Gwith |W | = |U| + 1. We discuss two cases.
Case 1: v ∈ U .
Then Lemma 2.4(1) and (2) imply that G − v has two odd components. Assume Hi = (Ui,Wi), i = 1,2, are the two odd
components in G− v such thatWi ⊆ W and Ui ⊆ U .
Suppose to the contrary that δ(G) ≥ n + 2. Then dG(v) ≥ δ(G) ≥ n + 2 ≥ 4 as n ≥ 2. Note that ΓG(v) =
(ΓG(v) ∩ W1) ∪ (ΓG(v) ∩ W2). So we obtain that |ΓG(v) ∩ W1| ≥ 2 or |ΓG(v) ∩ W2| ≥ 2. Without loss of generality,
we may assume |ΓG(v) ∩W1| ≥ 2. Let e be an edge between v and a vertex inW1 and G′ = G− e.
It is not difficult to see that κ(G′) = 1 and v is a cut vertex of G′. Note that H1 and H2 are two components in
G′ − v and they satisfy the sufficient condition in Lemma 2.4(4) as they are also two odd components in G − v. Moreover,
dG′(v) = dG(v)−1 ≥ n+2−1 = n+1. So Lemma 2.4(1), (2), (4) and (5) imply that G′ is defect n-extendable, contradicting
the assumption that G is minimal defect n-extendable. Thus δ(G) ≤ n+ 1.
Case 2: v ∈ W .
Let H = (X, Y ) be a component in G− v such that X ⊆ U and Y ⊆ W . Lemma 2.4(1), (2) and (4.1) imply that |X | = |Y |.
Assume |X | = |Y | = m.
Since any vertexw ∈ Y can only join to vertices in X , ifm ≤ n, it follows immediately that δ(G) ≤ dG(w) ≤ m < n+ 1.
We need only to consider the casem ≥ n+ 1.
Suppose v joins to exactly one vertex u in H , then u ∈ U and u is also a cut vertex in G. Replacing v with u in the proof of
Case 1, we obtain δ(G) ≤ n+ 1.
Suppose v joins to at least two vertices in H . Let H ′ = G[V (H) ∪ {v}].
Sincem ≥ n+ 1, Lemma 2.4(3) implies that H is (n− 1)-extendable. So by Lemma 2.2, κ(H) ≥ n ≥ 2. Note that v joins
to at least two vertices in H . So κ(H ′) ≥ 2. We consider two cases.
Case 2.1: Suppose H ′ is minimal defect n-extendable.
Theorem 4.5 implies there are at least n + 1 ≥ 3 vertices in H ′ with degree no more than n + 1,in which at least one
vertex u satisfies u 6= v. Clearly dG(u) = dH ′(u). So δ(G) ≤ dG(u) = dH ′(u) ≤ n+ 1 and the theorem holds.
Case 2.2: Suppose H ′ is not minimal defect n-extendable.
Since H ′ is defect n-extendable by Lemma 2.4(3), there is an edge e in H ′ such that H ′ − e is defect n-extendable.
SupposeH−e is (n−1)-extendable. Let G′ = G−e. Then G′ is connected as κ(H ′) ≥ 2. Clearly v is a cut vertex in G′,H−e
is a component in G′− v and except H− e, the other components in G′− v are also components in G− v. So all components
in G′ − v satisfy the sufficient conditions in Lemma 2.4(3) as all components in G− v do, H ′ − e is defect n-extendable and
H − e is (n− 1)-extendable. Thus Lemma 2.4(1), (2) and (3) imply that G′ is defect n-extendable, contradicting the fact that
G is minimal.
So H − e is not (n − 1)-extendable and hence Lemma 2.3 implies that there is a set S ⊆ Y and 1 ≤ |S| ≤ |Y | − (n− 1)
such that |ΓH−e(S)| ≤ |S| + n− 2.
Note that H is (n− 1)-extendable by Lemma 2.4(3). So Lemma 2.3 implies that |ΓH(S)| ≥ |S| + n− 1. Hence
|ΓH−e(S)| ≥ |ΓH(S)| − 1 ≥ |S| + n− 1− 1 = |S| + n− 2. (1)
Recall that |ΓH−e(S)| ≤ |S| + n − 2. So we have |ΓH−e(S)| = |S| + n − 2 and hence all equalities in (1) hold. Therefore,
|ΓH(S)| = |S| + n− 1. Moreover, since S ⊆ Y ⊆ W , we have
|ΓH ′−e(S)| = |ΓH−e(S)| = |S| + n− 2 (2)
and
|ΓH ′(S)| = |ΓH(S)| = |S| + n− 1. (3)
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Suppose S contains at least two vertices, then |S| ≥ 2. Note that |S| ≤ |Y | − (n− 1) = |Y ∪ {v}| − n. So (2) and (3) show
that S is a key set for e in H ′ and hence e is a key edge in H ′. Then Theorem 4.1 implies that H ′− e is not defect n-extendable,
contradicting the assumption that H ′ − e is defect n-extendable.
So S contains exactly one vertex y. Since S ⊆ Y , we have y 6= v and hence dG(y) = dH ′(y) = |ΓH ′(S)| = |S| + n− 1 = n
by (3). Therefore, δ(G) ≤ dG(y) = n < n+ 1. 
Now we study the realization problem associated with Theorem 5.1. Let C1(n, s) denote the class of minimal defect n-
extendable bipartite graph Gwith κ(G) = 1 and δ(G) = s. Then we have the following theorem.
Theorem 5.2. For any n ≥ 2 and s ≤ n, C1(n, s) 6= φ.
Proof. We discuss three cases.
Case 1: s = 1.
Consider the bipartite graph G1 = (U1,W1) = Kn,n, vertex u ∈ U1 and vertices x, u1, w1 6∈ V (G1). Construct a graph G
such that V (G) = V (G1) ∪ {x, u1, w1} and E(G) = E(G1) ∪ {xu, xu1, u1w1}. Clearly, G is a connected bipartite graph with
bipartitionsW = W1 ∪ {x, w1} and U = U1 ∪ {u1} such that |W | = |U| + 1 and |U| = n+ 1. We shall prove G ∈ C1(n, s).
Note that x is a cut vertex in G and κ(G) = 1.
First we prove that G is defect n-extendable. Note that G1 = Kn,n and G[{u1, w1}] = K1,1 are all components in G − x.
It is easy to see that G[{x, u1, w1}] is defect 0-extendable and G[V (G1) ∪ {x}] is defect (n − 1)-extendable as G1 = Kn,n. So
Lemma 2.4(1), (2) and (3) imply that G is defect n-extendable.
Next we prove that G is minimal.
Select any edge e ∈ E(G). If e ∈ {xu, xu1, u1w1}, then G− e is disconnected. Assume e ∈ E(G1). Since G1 = Kn,n, there is
a matchingM1 in G− V (e) of size n− 1. ThenM = M1 ∪ {xu1} is a matching of size n in G− e. However, vertices in V (e) are
not saturated by any matching in G− e containingM . So G− e is not defect n-extendable and hence G is minimal.
Furthermore, note that dG(w1) = 1, so δ(G) = dG(w1) = 1 = s and G ∈ C1(n, s).
Case 2: n = s = 2.
Consider the bipartite graphs G1 = (U1,W1) = Kn,n and G2 = (U2,W2) = Kn,n+1 where |W2| = |U2| + 1. Assume
w1, w2 ∈ W2 and u1 ∈ U1. Letw, x 6∈ V (G1) ∪ V (G2).
Construct a graph G such that V (G) = V (G1)∪ V (G2)∪ {w, x} and E(G) = E(G1)∪ E(G2)∪ {xw1, xw2, xw,wu1}. Clearly,
G is a connected bipartite graph with bipartitionsW = W1 ∪W2 ∪ {w} and U = U1 ∪ U2 ∪ {x} such that |W | = |U| + 1 and
|U| = n+ n+ 1 > n+ 1. We shall prove G ∈ C1(n, s).
Observe that x is a cut vertex in G and κ(G) = 1.
Note that G′1 = G[V (G1) ∪ {w}] = (U ′1,W ′1) and G′2 = G2 are two odd components in G − x where U ′1 = U1 and
W ′1 = W1 ∪ {w}. Then |W ′1| = |U ′1| + 1.
First we prove that G is defect n-extendable. It is not difficult to see that dG(x) = 3 = n+ 1, G′1 and G′2 are defect (n− 1)-
extendable, G′1 − w = G1 = Kn,n and G′2 − wi = Kn,n for i = 1, 2 since G1 = Kn,n and G2 = Kn,n+1. So Lemma 2.4(1), (2), (4)
and (5) imply that G is defect n-extendable.
Next we prove that G is minimal. Select any edge e in G.
Suppose e ∈ {xw,wu1}. Note that G− e is disconnected. So G− e is not defect n-extendable.
Suppose e ∈ {xw1, xw2}. Then dG−e(x) = 2 < n+ 1. However, x is a cut vertex in G− e, |ΓG−e(x) ∩W2| = 1 < |W2| and
|ΓG−e(x) ∩ (W ′1)| = 1 < |W ′1|, so Lemma 2.4(5) implies that G− e is not defect n-extendable.
Suppose e ∈ E(G1), then there is a matchingM1 of size n− 1 in G1 − V (e) since G1 = Kn,n. Clearly,M = M1 ∪ {xw} is a
matching of size n in G− e but vertices in V (e) are not covered by any matching in G− e containingM . So G− e is not defect
n-extendable.
Suppose e ∈ E(G2), then it is not difficult to see that there is a matching M2 of size n in G[V (G2) ∪ {x}] − V (e). Clearly,
vertices in V (e) are not covered by any matching in G− e containingM2. So G− e is not defect n-extendable. This completes
the proof that G is minimal.
It is not difficult to see that δ(G) = dG(w) = 2 = s. Hence G ∈ C1(n, s).
Case 3: n ≥ 3 and 2 ≤ s ≤ n.
Consider the bipartite graphs G1 = (U1,W1) = Kn,n+1, G2 = (U2,W2) = Ks,s+1 where |Wi| = |Ui| + 1, i = 1, 2, with the
vertex x 6∈ V (G1)∪V (G2), v1, v2 ∈ W2 andw1, w2, . . . , wn−1 ∈ W1. Construct a graphG such thatV (G) = V (G1)∪V (G2)∪{x}
and E(G) = E(G1) ∪ E(G2) ∪ E3 where E3 = {edges joining x to all vertices in {v1, v2} ∪ {wi : 1 ≤ i ≤ n− 1}}. Clearly, G is a
bipartite graphwith bipartitionsW = W1∪W2 and U = U1∪U2∪{x} such that |W | = |U|+1 and |U| = n+ s+1 > n+1.
We shall prove G ∈ C1(n, s).
Observe that x is a cut vertex of G and κ(G) = 1. G1 and G2 are two odd components in G− x.
First we prove that G is defect n-extendable. Note that dG(x) = n− 1+ 2 = n+ 1, G1 is defect (n− 1)-extendable, G2 is
defect (s− 1)-extendable, G1 −wi = Kn,n for any 1 ≤ i ≤ n− 1 and G2 − vj = Ks,s for any 1 ≤ j ≤ 2. So Lemma 2.4(1), (2),
(4) and (5) imply that G is defect n-extendable.
Next we prove that G is minimal. Select any edge e in G.
If e ∈ E3, then dG−e(x) = n. However, x is a cut vertex in G − e and |ΓG−e(x) ∩ Wi| < |Wi|, i = 1, 2. So Lemma 2.4(5)
implies that G− e is not defect n-extendable.
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If e ∈ E(G1), it is not difficult to see that there exists a matching M1 in G[V (G1) ∪ {x}] − V (e) of size n. Clearly, vertices
in V (e) are not covered by any matching in G− e containingM1. So G− e is not defect n-extendable.
If e ∈ E(G2), it is not difficult to see that there exists a matching M2 in G[V (G2) ∪ {x}] − V (e) of size s. Clearly, vertices
in V (e) are not covered by any matching in G − e that contains M2. So G − e is not defect s-extendable. Since s ≤ n, so
Theorem 1.2 implies that G− e is not defect n-extendable. This completes the proof that G is minimal.
Clearly, for any w ∈ W2 \ {v1, v2}, dG(w) = s and for any v ∈ V (G) \ (W2 \ {v1, v2}), dG(v) ≥ s. So δ(G) = s and hence
G ∈ C1(n, s). 
Theorem 5.2 does not show whether C1(n, n + 1) is empty or not for any n ≥ 2. Thus it seems reasonable to pose the
following conjecture.
Conjecture 5.3. For any n ≥ 2, C1(n, n+ 1) 6= φ.
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